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Abstract

Identifying and estimating causal effects of treatments is of significant research
interest. In doing so, similar data are oftentimes matched into one stratum,
and subsequent inferences of causality are carried out based on these strata. In
particular, when the data are from observational studies, properly matching
observations by their treatment assignment probabilities are especially impor-
tant for removing potential selection bias induced by selecting observations
that receive specific treatments in a non-randomized fashion. Therefore, it is
an important task to evaluate whether matching was done properly, that is,
whether the covariates are equally distributed in different treatment groups
given the matching information. Traditional methods of matching evaluation
involve visually investigating summary statistics, such as the standardized
mean difference, by covariate, but lack uncertainty quantification of the con-
clusion and are less convenient compared to an omnibus test that checks
matching validity for all covariates one-shot. We propose a hypothesis test
that expresses treatment assignment probabilities by an adjacent category
logistic regression model and provides an omnibus test of matching for all co-
variates by testing the global null 5 = 0 in the language of regression models.
In this thesis, we adopt a x? approximation of the asymptotic distribution
of the test statistic, inspired by the Rao score test. An application of the
test indicates the matching results produced by a matching algorithm can be

further improved.
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Chapter 1

Introduction

Valid identification and estimation of causal effects of treatments is a critical task in
scientific research (Holland 1986). In modern scientific research areas, when investigators
intend to discover causal relationships between events, the ideal and widely accepted
solution is to conduct randomized controlled trials (RCTs), where research investigators
have the discretion to randomly assign treatments to participants of the trial so that
all confounding factors are controlled and they may thus attribute differences in the
response variable entirely to the treatment assignment. However, we do not always have
the luxury of setting up a randomized controlled trial and collecting data from it. Due
to factors such as costs and ethical concerns, we must rely on observational data instead
(Rosenbaum 2010). On the positive side, using observational data to infer causality allows
us to observe objects and events in their natural environments, which is more realistic
compared to RCTs that are set up artificially. However, one caveat that might arise
from using such observational data to make causal claims is that in a real-world scenario,
treatment assignments and the response variables may be systematically related, and
we may not have information about the mechanism behind the treatment assignments.
Consequently, without being able to control the confounders that relate to both the
treatment assignment and the response variable of interest, we may be subject to biases
in our reasoning.

For this reason, it is important to use observational data to resemble controlled tri-
als, where the pretreatment covariates in different treatment groups are roughly equally
distributed, i.e., balanced (Hansen and Bowers 2008). Rosenbaum and Rubin (1983)
showed, when the treatment is binary, the propensity score, i.e. the probability of re-
ceiving treatment, can serve as a balancing score, which equivalently means that the
treatment assignment and covariates are conditionally independent given the propensity
score. Moreover, under the strong ignorability assumption, matching on propensity scores
may yield unbiased estimates of treatment effects (Rosenbaum and Rubin 1983). Some
existing literature had generalized the notion of the propensity score to problems where
the treatment is other than binary, such as continuous, nominal, or ordinal; and under
some mild conditions, treatment effect estimates remain unbiased (Yang et al. 2016; Imai

and Van Dyk 2004).



In this work, we are primarily concerned with matched data with multilevel (nom-
inal /ordinal) treatments. Examples of these types of treatments include drugs of different
types or manufacturers, and drug doses with different amounts, such as low/medium /high.
With proper tools to achieve matching in the covariates, it then becomes relevant to eval-
uate the balance within these matched results, i.e., whether the covariates are equally
distributed in different treatment groups given the matching. When the treatment is
binary, the classical textbook method to evaluate matching incorporates procedures such
as investigating the marginal distribution of each covariate in the treated and controlled
sets, before and after matching (Rosenbaum 2010). However, it is still preferable to give
a more quantifiable and statistically meaningful assessment of the matching quality. In-
stead of using descriptive statistics to assess the covariate balance, Hansen and Bowers
(2008) called for an omnibus statistical test that performs balance assessment one-shot.
Although they were primarily focused on matching balance assessment in randomized
trials, we can easily generalize their notion to observational study because under the null
hypothesis that a good matching was done, an observational study should be no different
from an experimental study.

To evaluate covariate balance, we motivate our approach using an adjacent category
logistic regression model for treatment assignments as a function of a set of properly
chosen background covariates. With presumably correctly matched sets of observations,
the null hypothesis that the treatment assignment is independent of any covariates could
be expressed as the global null 5 = 0 in the context of logistic regression. We hereby
propose the usage of a statistic inspired by the Rao score test as an omnibus method to
assess matching, using likelihood functions conditioning on the observed strata-specific
treatment counts to account for stratification. We approximate the asymptotic behavior
of the test statistic using a y? distribution to complement the omnibus test pipeline, and
prove the limiting distribution holds under mild assumptions. Then, we apply the method
to an Ohio observational health study where matching was done for multilevel-treated
observations and conclude the method was insufficient to induce balance on all covariates
simultaneously. It is to be noted that although the work is motivated by matching for
observational data, it is generally applicable to any type of matched data with multiple
treatment levels, including matched data from randomized controlled trials, because the
null hypothesis of balanced covariates, or valid matching, is generally applicable to data
collected by any methods.

Finally, simulation studies show that this method has proper convergence behavior and
thus obtains valid Type I error rate under the null hypothesis, and it achieves desirable

power when the sample size is relatively large.



Chapter 2

Methods

This chapter contains our main method for covariate balance assessment under the afore-
mentioned scenario, i.e., one with a multilevel treatment variable and matched (grouped)
observations. The method is rather straightforward. First assume we were given N
observations that are grouped into s different strata based on some similarity metrics,
according to any valid matching procedure. We now state our null hypothesis in words,
i.e. that the matching is valid. Then this implies that observations in the same strata
have the same treatment assignment probabilities. Because the treatment assignment
Y =1,2,...J should be independent of the background covariates x € R? conditioning
on propensity score-based matching information, when modeling the treatment assign-
ment by the background covariates using a regression model, the slope parameters [ of
the model should satisfy g = 0.

Therefore the problem gets reduced to testing 8 = 0 in a regression model that can
account for the fact that the observations have a grouping structure, and within groups,
the observations are homogeneous in terms of treatment assignment probabilities. It can
be seen later that a slightly modified version of an adjacent category logistic regression
model will be sufficient. To derive the Rao score test statistics requires working on the
likelihood function yielded by the model, and we further condition on several strata-
specific treatment counts to account for the hypothetical setup of a stratified treatment
assignment regime. It can be seen in Section 2.5 that we can express the test statistic
in a relatively simple form that is easily computable. To perform testing, some existing
results are employed to approximate the limiting behavior of the statistic.

We hereby give the outline of the chapter. Section 2.1 introduce the adjacent category
logistic regression model. Section 2.2 extends the original regression model to allow for
a stratified /grouped design in observations, as is the case in our problem. We construct
conditional likelihood of the stratified adjacent category logistic regression model in Sec-
tion 2.3. Section 2.4 introduces the (generalized) Rao score test as an omnibus testing
method to infer global null effects in the model. And finally, we derive the test statistic
in Section 2.5, with proofs postponed to Appendix A.



2.1 Adjacent Category Logistic Regression

In this model, let Y be the treatment variable with possible outcome labels 1,2,3, ..., J,
serving as aliases of the original treatments levels, and denote 7;(x) = P(Y = j), with the
probability implicitly conditioning on the covariates x, which are background variables
that we deem as relevant to the natural mechanism that influences treatment assignment

in a non-experimental setting. The model is given as

(%)

mi1(X)

log =a;+ 6%, j=1,2,...,J—1

With some simple algebra, we observe that

e A
14+t exp{Zi;S(awﬂkTX)}’ J< J (2.1)
g=4J

mi(x) =

1
14+ exp{ 3] Z (o +B8T %)}

Then, to get the likelihood function, we denote the observed sample by
X = [Zijlnxp » Y = [Yi]ux1, n:sample size, p:number of covariates

Welet t; = [tijlixs = |tix tia ... b J} be the set of indicator variables representing
the category that y; falls in, where the j-th element of ¢; is the individual indicator of
whether the i-th response falls into the category j; it follows that ijl ti; =1, Vi =
1,...,n. Consequently, we have the equivalent expression for the likelihood of observing

a certain result at the ith observation

J .
g L j=uy
P(Yi=y) = [[mx), b= (2:2)
j=1

0, otherwise

2.2 Adjacent Category Logistic Regression with Stratification

In our working scenario, the data were grouped into strata based on information char-
acterizing their probability distributions of receiving each treatment. Hence, it is of our
central interest to extend our previous work on adjacent category logistic model to a
situation where the data is stratified into s groups. Here, we similarly let Y be the re-
sponse with possible outcome labels 1,2, 3, ..., J. Moreover, let b =1, ..., s be the indices
of the strata. Now, for any realization x that belongs to the b-th strata, we denote its
assignment probability as m;(x) = P(Y = j), with the probability implicitly conditioning

on the background covariates x and the strata b. The model is given as

(%)

=ap+6Tx, j=12,...,J-1
Tjy1(X) ’ ’

log
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Here, we introduced a different intercept for each stratum to take into account the fact
that the data is stratified based on how their assignment probabilities differ and that
data points within the same stratum have the same assignment probability. And it is to
be noted that it is sufficient to only introduce a strata-specific design for the intercepts,
but not the slopes. To adopt a common slope over strata is equivalent to assuming that
the effects of the background covariates on the treatment assignments behave uniformly
across strata. However, it is exactly the case in our null hypothesis that the background
covariates have null effect § = 0 in each stratum, so assuming a uniform slope to char-
acterize the effect of the background variables is sufficient, convenient, and more logical

in our situation. Given this model, we analogously observe that

EXP{ZLI;; (ckp+BFx)} .
— - , <J
(x) = { U e S s} ; (2.3)

1 .
T exp (] Nom B0} 7

As in the non-stratified case, we denote the observed sample by
X = [Zijlnxp » Y = [Yi]ux1, n:sample size, p:number of covariates

And we defined t; = [t;;lixg = |ti1 ti2 ... tis| to be the set of indicator functions
representing the category that y; falls in, where the j-th element of ¢; is the individual
indicator of whether the i-th response falls into the category j; it follows that ijl tij =
1, Vi = 1,...,n. Also, since we have s different strata, each owns some observations,
we use I(b) to denote the set of indices of observations belonging to the b-th stratum,

b=1,2,...,s. Therefore, as an extension of (2.2), we have the following expression for
the likelihood of the data:

P(YI =Y,..., Y, = yn) = H H Hﬂj(xi)tij

Remark 2.2.1. Fquations (2.1) and (2.3) gives the assignment probabilities under the
ordinary adjacent-category logistic model. However, in the actual computation of the
likelihood, we will consider a slight variant of the model, i.e., by conditioning on the

sufficient statistics of the intercepts, so as to account for stratification within data.



2.3 Conditional Likelihood Functions for Adjacent Category
Logistic Models

Given the models expressing likelihoods of the adjacent category logistic model, we further
condition on several sufficient statistics. As can be seen in the stratified case, conditioning

on these statistics brings into our model information from the matching (stratification).

Proposition 2.3.1 (Non-stratified Conditional Likelihood). Conditioning on the suf-
ficient statistics c;, defined as the realizations of C; = i:l Sow i tig, for all j =

1,2,...,J, the conditional likelihood function of the data is expressed as

i n
P(m:yla--an:yn|ZZtik:Cj, VJ:1,2,,J)

k=1 i=1

exp { 751 67| iy (0 )| |
> exp { S AT S (S k)| }

y*eS(t)

where S(t) = {(yi,v5,....y5) : TSt = V) = 1,...,J} denotes the set
of all possible categorical outcomes Y, under the constmint that the cumulative sum of

observations under each category being the observed value c;.
Proof. A.1 O

As mentioned previously, we extend the conditioning regime to the stratified model,

so that the matching is taken into account in our likelihood.

Proposition 2.3.2 (Stratified Conditional Likelihood). For a data with strata b =
1,...,s, let I(b) denotes the collection of indices of observations belonging to the b-th stra-
tum. Conditioning on the sufficient statistics c;’s, defined as cj, = Zizl Ziel(b) tik, J =
1,2,....J; b=1,2,...; s, the conditional likelihood function of the data is expressed as

PYi=uy,...,Y, _yn\z Z tiw=cjp, Vi=1,2,..,J; b=1,2,...,5)

k=1 icI(b

exp { Z}-I;l 5]' [Zi:l Xi( Zk:l tlk)} }
> e { S0 O[S (Sl )]}

y*ES(t)

where S(t) = {(y}, y3, ..., y}) : S Suicim b =cpVi=1,...,Jib=1..., s} denotes
the set of all possible (categorical) outcomes, under the constraint that the strata-wise

cumulative sum of observations under each category being the observed value cj,.

Proof. A.4 m



2.4 The Rao Score Test

The Rao score test is paired with our model to statistically quantify the quality of match-
ing (Rao 2005). We first present a general version of the test, which motivates our method

for balance testing. The Rao score test states the following

Theorem 2.4.1 (Rao score test). Let X = (Xy,...,X,) be an i.i.d. sample of size n

from the density function p(x,0) where 0 is a p-vector parameter, and denote the joint
density by P(X,0) = p(x1,0) ...p(x,,0) and the log likelihood by 1(6 | X) = log P(X,0).

The score vector of p components is defined as

0

s0) = S50 1 X) = [2101 X) i@ |X) . L6 x)]

And the Fisher information matriz is defined as

[(6) = —E {;—;l(ﬁ | X)}

where g—;l(@ | X) is the Hessian of the log likelihood (Lehmann and Casella 2006).

Then under Hy : 6 = 0y, where 0y is a specified p-dimensional real vector,
[s(00)]"[1(00)] ' s(00)] - x;

Remark 2.4.1. Note that the Rao score test statistic behaves in a x* fashion, which

directly motivates our approrimation.

Proposition 2.4.1. Under regularity conditions (B.2.1),

% = [s(0))7[1(0)][5(0)] % x?

T

where [1(0)]~ is a generalized inverse of 1(0) = —E[H(0)] = —H(0), r = rank(1(0)), and
s(0), H(0) are score vector and Hessian matriz of the log-likelihood evaluated at 5 = 0,

respectively. Details of these quantities are given in the next section.
Proof. We postpone the proof to Appendix B. O

Remark 2.4.2. Proposition 2.4.1 naturally introduces a hypothesis test for the null hy-
pothesis Hy : 8 = 0 for the stratified adjacent category logistic regression model. Chapter

4 1is devoted to study the operating characteristics of this test.



2.5 The Rao Score Test Statistic for Balance Testing

Our main contribution in this work is the derivation of the exact score vector and Hessian
matrix of the log-likelihood under stratified and non-stratified designs, where the result
in the latter case, as an extension of the former case, will be applied to balance testing.
We hereby state our main propositions.

In order to test the null hypothesis Hy : 5, = 0, Vj =1,...,J —1 in a quadratic
form using Rao’s notation, we stack the slope vectors together as a [p(J — 1)] x 1 vector
B, and the following development of the test statistic relies on this vectorization
T

B=1p0 | B | - | B

Proposition 2.5.1. The score function of the unstratified conditional log-likelihood taken
with respect to the j-th block of 8 and evaluated at 3; = 0 is

; S T ] Y
Sj(O):a_Bjﬂj():( X Xy o0 X, — 11 -1 ST ) zZ;
0 0 T,

where X; is the data vector for the j-th covariate, 1 is the n-dimensional all-one vector,

2= [Ylte Thoter o Yiote] = [1M <} 1< o 1Y <))
andfﬂ_c:%Z?zlxic-

T
)

Proof. A.2 m

Proposition 2.5.2. The score function of the stratified conditional log-likelihood taken
with respect to the j-th block of B and evaluated at 3; = 0 is

Z® L . l’_p(l)
B - | - | 7 7O 75O\
0= 55 -0~ ( [ R I ) ?
e T . :C_p(s)

, . , T T
wherez; = [yt ot Shotw] = (LG <5} 1B <5} - 1L <]
1, = []1{1 cIb)} 1{2€I(b)} --- 1{nec I(b)}}T is the indicator vector of strata
membership, x; is the data vector for the j-th covariate, ny is the size of the b-th stratum,
and 7.0 = n%, Zie[(b) Zie 18 the local average in stratum b of the c-th covariate.

Proof. A.5 O



Proposition 2.5.3. The Hessian of the unstratified conditional log-likelthood taken with
respect to B evaluated at = 0 is

0?1
H(0) = — = A®cov(X) €R
(0) =5 550 (X)

Q11 1,2 ce ai,(Jj-1)

a a cee gy
where A = 21 22 2 is a symmetric matriz of constant mul-

ag-1,1 aJ-1,2 0 QJ-1),(J-1)
alamm) yp i<l

tipliers, with a;; = u if j =1

CZ(CJTn, if 7 >1
The ® operator denotes the Kronecker product, and ¢ = p(J — 1) denotes the dimension

of the parameter space.
Proof. A.3 m

Proposition 2.5.4. The Hessian of the stratified conditional log-likelihood taken with
respect to 3 evaluated at f =0 is

0l :
HO) === =Y AYe @ (x) eRre
0= gl = 2 ()
b b b
ag,i ag,% ag EJ 1)
&)
where A®) = 7 ’ 2’(‘_]_1) is a symmetric matriz of constant
(b) (b) (b)
Ay-n1 Yu-ne2 7 Gu-1),-1)

multipliers specifically defined for each stratum, with the (j,1)-th entry defined as

cjip(cip—ny)

o ,if g <l
af) = el Ly
Clb(cjb ny) ij > l

The ® operator denotes the Kronecker product, and c/o\v(b)(X) 1s defined as the sam-

ple covariance matriz of stratum b, with the (c,d)-th entry defined as cov"” (z., z4) =

ﬁ [Zzel(b) Tielig — — (Zzef(b) xw)(ziel(b) xid)}, and ny, 1s the size of the b-th stratum.

and ¢ =p(J —1) denotes the dimension of the parameter space.

Proof. A.6 m



Chapter 3

Application to Ohio Medicaid Data

Next, we apply our method to an observational dataset with multiple treatment levels,
with data being matched into strata of size three using a propensity score-based method
(Nattino, Lu, et al. 2021). For data with three treatment levels, called 1, 2, and 3, the
authors proposed an algorithm that produces 1:1:1 matched sets, i.e., within each matched
set, each observation has a unique treatment. They defined a distance measurement by
first calculating a three-way distance of each matched triplet, and then summing over
the three-way distances over all triplets, where the three-way distance is the sum of the
pairwise distance between all possible pairs within a triplet. Here, the propensity score
information might be used as the pairwise distance. And the match is created based on
the following algorithm that aims to minimize the total three-way distance within the
matched data:

1. Choose two starting treatment levels, say 1-2, and create a 1:1 match between these

treatments;

2. For each of the 1-2 pairs, they optimally match a subject from the third group, and

let us call the result match a;

3. Then form two alternative matches from match a by (i) fixing all 2-3 pairs in match
a, and optimally match observations with treatment 1, producing match b; and (ii)
fixing all 1-3 pairs in match a, and optimally match observations with treatment 2,

producing match c;

4. In step 3, if match b and match ¢ both have greater total distance than match a,
then conclude the algorithm with match a; otherwise, replace match a in step 3 by
the one from match b and match ¢ that has lower total distance, and repeat step

3, until termination.

We will focus on evaluating the covariate balance of matchings given by their al-
gorithm. In another paper (Nattino, Song, and Lu 2022), the authors developed an
algorithm that matches data with more than three levels of treatment, and they applied
their method to the data from two years (2012 & 2015) of the Ohio Medicaid Assessment

10



Surveys (OMAS), “a survey that is periodically administered by the Ohio Department of
Medicaid and aims at assessing access to healthcare system, its utilization and the health
status of Ohioans” (Ohio Colleges of Medicine Government Resource Center 2020, as cited
in Nattino, Song, and Lu 2022). For context-specific reasons, authors of Nattino, Song,
and Lu 2022 defined treatment levels by year of survey (2012 or 2015) and household
income level (90%-138% of the Federal Poverty Level (FPL) or 139%-400% of the FPL).
To mimic their data example, we considered three levels of treatments: (1) 2012 90-138,
(2) 2012 139-400, and (3) 2015 90-138. And as in the case of Nattino et al., we performed
matching based on background covariates characterizing the following information: age,
sex, race, education level, marital status, number of children in the household, type of
county of residence, alcohol use, smoking status, mental health, and disability. It is worth
noting that they utilized only categorical (indicator) variables as background covariates,
and we therefore also used all covariates in the format of categorical variables.

Applying the triplet matching algorithm in Nattino, Lu, et al. 2021, we obtained 1594
matched sets of three observations, with observations in the same stratum having unique
treatment assignments. As their algorithm iteratively performs paired matching, the
matching results, therefore, depend on the starting pair of treatments. Thus, we applied
the algorithm with all three possible starting pairs: 1-3, 2-3, and 1-2, performing a balance
test for each of them. The future analysis in this paper, however, only concerns with the
match obtained using the starting pair 1-3. The test results using the y? approximation

are summarized in Table 3.1.

T? statistic | df p-value

1-3 239.679 38 | 4.293 x 1073¢
2-3 282.218 38 | 4.588 x 10~%
1-2 241.362 38 | 2.096 x 1073t

Table 3.1: Balance test result for matched data using the triplet matching algorithm,
with varying starting treatment pairs; p-values are calculated from the y? approximation

It is observable that we have strong evidence to reject the null hypothesis that the
algorithm produces a sufficient matching, no matter how we change the starting pair.
To investigate why this is the case, we calculated the standardized mean difference be-
tween each treatment group and the rest two groups, before and after matching, as an
examination of covariate balance. The results are given in Table 3.2.

From inspecting the standardized mean differences, we observe that despite the general
trend that the algorithm gave decreased mean differences after matching, it failed to
induce balance, or even inflated imbalance, for some covariates and treatment groups.
And we suspect that although this issue is not uncommon for many matching algorithms,
it could have contributed to the observation that our test rejected the null hypothesis of

covariate balance.

11



2012 90-138 2012 139-400 2015 90-138
Pre Post Pre Post Pre Post
) -0.022 -0.003 -0.124 0.024 0.148 -0.022
) -0.025 0.059 0.043 -0.014 -0.033 -0.046
Age (45-54 vs. 19-24) -0.012 0.005 0.081 -0.019 -0.083 0.014
Age (55-64 vs. 19-24) 0.044 -0.039 0.094 0.004 -0.132 0.035
Sex (Female vs. Male) 0.055 0.026 -0.036 -0.049 0.004 0.024
)
)
)

Variable

Age (25-34 vs. 19-24
Age (35-44 vs. 19-24

Race (Black vs. White) 0.128 -0.005 -0.167 -0.015 0.107 0.020

Race (Hispanic vs. White) 0.099 0.044 -0.084 -0.012 0.030 -0.033

Race (Other vs. White) -0.031 0.094 -0.193 0.016 0.220 -0.118
Education

(High school diploma vs. 0.078 0.010 -0.151 -0.019 0.122 0.010
No high school diploma)
Education

(College degree or higher vs. -0.168 -0.038 0.304 0.037 -0.239 0.001

No high school diploma)

Marital status (Married va. ¢ 131 030 0606 0.022 -0.603 -0.055
Not married)

Number of children (1 vs. 0) 0.026 0.054 0.028 -0.030 -0.048 -0.025

Number of children (>1 vs. 0) -0.039 0.036 0.053 -0.009 -0.037 -0.027
County type

(Suburban vs. Metropolitan) -0.058 0.016  0.023 -0.002 0.007 -0.014

County type

(Rural vs. Metropolitan)

Alcohol use past 30 days

(Yes vs. No)

Smoking status

(Smoked >100 cigarettes vs. No)

Mental health distress o 001 5001 0253 0.014 0141 -0.014
(Yes vs. No)

Disability (Yes vs. No) 0.276 -0.036 -0.433 0.031 0.302 0.006

-0.063 -0.014 0.069 0.007 -0.041 0.007

-0.084 0.020 0.254 0.010 -0.234 -0.030

-0.069 0.014 0.176 -0.037 -0.156 0.023

Table 3.2: Standardized Mean Differences (SMD) between the three treatment groups
and the other two, where “Pre” and “Post” stand for the pre-matching and post-matching
SMD, respectively; the match is obtained using starting treatment pair 1-3

12



Chapter 4

Simulation Analysis

4.1 Convergence of the Test Statistic

In this section, we aim to visually examine the convergence of T2 to its limiting distribu-
tion under the null hypothesis that the treatment assignment is independent of covariates
given the stratification, using the data from Chapter 3. To observe convergence, we ran-
domly subsetted the data into subsets of 100, 500, 1000, and 1594 strata, and investigated
how the resampled statistic behaved as we increase strata. In particular, we performed
500 simulation iterations, and in each iteration, we permuted the labels within each stra-
tum and calculated the test statistic based on this permuted set of labels. We performed
this resampling for all four datasets with 100, 500, 1000, and 1594 strata. Theoretically,
the empirical distribution of the test statistic will be roughly x? (with df = 38, given our
data) because the treatment assignment regime here conforms with the null hypothesis.

The density plot of the resampled T2, as we increase strata, is shown in Figure 4.1.

s=100 s=500 s=1000 s=1594

0.06
J

7238 density

T density

;- I \

0.05
1

Density
0.02 0.03
1 1

001
|

0.00
L

r T T T T T T 1 r T T T T T T 1 I T T T T T T 1 r T T T T T T 1
10 20 30 40 50 60 70 80 10 20 30 40 50 60 70 &80 10 20 30 40 S50 60 70 80 10 20 30 40 50 60 70 80

T2 T T T

Figure 4.1 Density of the T? statistic calculated from labels permuted under the null
hypothesis, as we increase the size of the data. Blue curve is the theoretical density of
the asymptotic x3g distribution; red curve is the estimated density from resamples
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From the plot, as we increase the strata number, the empirical density of T? converges
to the theoretical x? limiting distribution, as expected. This indicates that, under the

null hypothesis, the test has a valid size, or Type I error rate, when we use all 1594 strata.

4.2 Power of the Test

In this section, we will study the power of our statistical test under varying sample sizes
and signal strengths. We focus on the OMAS data matched using the triplet matching
algorithm with 1-3 as the starting pair. The data has s = 1594 strata, each having three
observations treated uniquely, and thus n = 4782.

To evaluate the ability of our method to reject a false null of 7 = 0, we generate
treatment labels using 3 vectors drawn from uniform distributions of varying scales in
{#£0.25,4£0.5,+0.75}. For each § drawn, we randomly sample without replacement a
subset of strata from the entirety of 1594 strata, with the size of the subset being chosen
from {100, 500, 1000, 1594}. It is to be noted that although the unconditional treatment
assignment probability P(Y; = j) is modeled by the logistic regression model 2.1 involving
beta, we observed each strata of three conditional on the fact that they have distinct
treatment levels, and this makes it inappropriate to resample each label naively from
their marginal distributions. In order to carry out resampling under a stratified treatment
assignment regime, we should draw labels from the conditional law that conditions on the
observed treatment counts within each strata. Here, since in every strata ¢, observations

11,12, 13 have three different treatments Y;,, Y;,, Yi,, we should condition on the event that

39
all observations in any strata has distinct treatment labels, or [{Y;,,Y:,, Y, }| = 3.

That is, for each pair of g scale and sample size, we resample treatment labels for
every stratum, independent of all other strata, under the restriction that all three labels

within each stratum are distinct. In particular, our resampling technique works as follows

1. Within a strata, calculate treatment assignment probabilities ﬂi = P(Y;, = j) for

all k=1,2,3, 5 =1,2,3 using the regression model with known g

2. For the first observation i; in the triplet, calculate P(Y;, = j|Y;, # Vi, # Yi,) =

(> mmws)/( X wimyms) for all j = 1,2,3, where S(j) = {(k,1) : j # k #
(k,DES() (p.ar)ES
[}, and S ={(p,q,r) : p # q # r}. Draw Y, from this distribution, called y;,.

3. For the second observation is in the triplet, calculate P(Y;, = j|Y;, # Y, #

Yi;Yiy = v) = mrs/( Y wbwd) for all j = 1,2,3, where k # j # v,
(P,)€S(viq)
and S(y;,) = {(p,q) : yiy #p # q}. Draw Y, from this distribution, called y;,.

4. Then the realization y,;, of Y;, will be deterministic, and our triplet drawn is

Yivs Yizs Yis-
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Figure 4.2 Empirical power of the test with levels 0.1, 0.05, and 0.01. Figure 4.2a,
4.2b, and 4.2c corresponds to tests of 5 drawn from uniform distributions with ranges of
40.25, 0.5, and +0.75. The simulation runs 300 iterations in all cases.
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We repeat the previous resampling process in every simulation iterations and calculate
the corresponding p-values, over 300 simulation iterations. Results are given in Figure
4.2.

From the simulation results, it is seen that for a sample size as small as 300 (100
strata), even for signals with a range of £0.75, the test behaves poorly. However, as
we increase the sample size by fivefold to 1500 (500 strata), the test can capture some
false null hypotheses. In particular, when 3 is drawn from a range of £0.5, the 0.1 level
test has a power of nearly 90%. And for 8 drawn from a range of £0.75, all of the
0.1,0.05,0.01 level tests have powers above 0.99. If we further increase the sample size to
3000 (1000 strata), tests of all levels have powers above 99% for beta with +0.5, £0.75
scale. Finally, for a dataset with size 4782 (1594 strata), as is the case of our data, for
all signal strengths, all of the 0.1,0.05,0.01 level tests have > 99% powers.

It is to be remarked that all covariates in the simulation data from the OMAS study
are indicator variables, which provides an intuitive understanding of the scale of the
covariates and their relative magnitude compared to the § parameter. Empirical obser-
vations suggest that in order to recover signs of invalid matching with g that are as weak

as £0.25 in the context of indicator covariates, a sample size above 3000 will be desirable.
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Chapter 5

Discussions and Conclusions

5.1 Discussion and Future Work

We developed a method for balance testing applicable to propensity score-based matching
methods, particularly for data with multiple treatments. The methodology of this work
is based on expressing the relationship between background covariates and treatment
assignment by a conditional multilevel logistic regression model. Although propensity
score methods are usually adopted for matching observational data (Rosenbaum 2010),
our method does not assume the method by which matching is generated, and can in
fact be applied to evaluate matchings generated in any fashion. Hence, one may also
use this method to evaluate the matching of data collected from randomized controlled
trials (RCTs). Other potential applications include investigating systematic attrition of
participants of an RCT, in which the data are initially balanced, but participants may
subsequently drop out from the trial, creating a reduced dataset. Our method can be
adopted to evaluate the balance of the matching after attrition, to answer whether there
is a systematic relation between the attrition event and background variables.

One advantage of our method is that it is an omnibus test. Our test evaluates the
balance of all covariates at once, which offers simplicity and statistical quantification
of uncertainty when compared to balance assessments using summary statistics such as
standardized differences in covariate means between treated/control groups (Rosenbaum
2010). However, to visually examine matching, it is still of our interest to provide a
graphical display of these statistics using techniques similar to the Love plot (Love 2002).
A potential extension of this work is to provide visualizations of balance assessment
statistics (e.g. standardized mean differences) for each level of treatment under the
multilevel treatment design, which can be seen as a generalization of the Love plot.

The methods developed in this work are generalizable to other contexts by the nature
of a hypothesis test. One could simply accept these methods at the face level and use
them to test the global null for a regression model. However, our method utilizes a con-
ditional inference approach, and it might be of potential interest to investigate how these
conditional tests compare with their unconditional counterparts in terms of statistical

efficiencies, as in Liang 1984.
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On the other hand, one weakness of this work is that the limiting distribution of
the test statistics relies on several normality conditions. Although these conditions are
intuitively practical and comprehensible, it is still of further research interest to study
whether relaxations of the conditions are possible.

Numerical simulations exposed some shortcomings of the method. First, in our sim-
ulation study, the method obtains poor power when the sample size is as small as 300,
even with only roughly 20 covariates. This makes it unattractive to adopt our method
in some small sample studies. Also, in our experiment, for weak [ signals, the method

tends to be not sensitive enough, unless the sample size becomes larger than, e.g., 3000.

5.2 Conclusions

This work provided a statistical test for covariate balance in causal studies with multiple
treatments, motivated by propensity score-based matching methods (Yang et al. 2016;
Imai and Van Dyk 2004). In particular, our method provides an omnibus test of balance,
which offers convenience and uncertainty quantification compared to classical methods
of matching evaluation using summary statistics. We used a x? approximation to the
limiting distribution of the test statistic, conditioning on the strata-based treatment
assignment information to take into account stratification. Based on an observational
dataset, we performed simulations to examine the convergence of the statistic and the
power of the test. The test has good power when the sample size is large, yet does not
obtain a desirable power when either the signal is too weak or the sample size is too
small. As a complement to our method, we proposed that a future research direction
is to generalize the Love plot (Love 2002) to data with multiple treatment levels, and

provide visualizable evaluations thereby.
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Appendix A

Proof of Propositions

A.1 Proof of Proposition 2.3.1

According to the notation in equation (2.2), we have the equivalent expression for prob-

ability of observing a certain result at the ith observation:

J .
]-7 J =Y
e k) — W‘(Xi)ti’j, ti,' —
H ’ ’ 0, otherwise

Henceforth, we have the following expression for the likelihood function of the sample:

n J
PYi=wu,....,Y, =11
=1 j=
n J—1 T i1 T ti,g—1 ti, g
_ H exp{Zkzl (g + Bpxi)} eXp{Zk J— Lok + B i)} i
=1 DZ N D’L Dz
n J-1 T J-1 T
_ TLig exp{d iy (Lo +tinBexi)} - cexp{d i 1 (tig—ran +ti 15, %) }
H? 1 D,
exp { > i (ZZQ tigon -+ Syt J—lak> }
H?:1 Di
exp { > i ( 1;11 tiaBeXi+ -+ Zk J—1 z,Jflﬂ}?Xi) }
H?:l D,

7rj X;) tig
1

X

where D; = 14+ Y27 exp{>27= (o + Fxi)} is the common denominator term for all
factors, and this quantity is of no particular interest because it is to be cancelled out

eventually.
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Now, consider the following equivalency
:(ZZtmak) e ( ‘ zj: tig 1) (A1)
() St () > o (A2)
=Y apteotngo Y o (A.3)

= CrO (A4)

Here, we used n; := Y, t; ; to denote the total observations with Y falling into category

J. Accordingly, we let ¢; := i:1 Yo tig, forall j =1,2,..., Jand in future derivations
let C; denote the random variable corresponding to the observed quantity c;.

Also, consider a similar equivalency

n J—-1 J—-1
Z ( tmﬁkai + -+ Z ti,J_lﬁgXi> (A5)
i=1 k=1 k=J-1
n 1 n 2 n J—-1
S ()] [ (St <[5 (San)] a0
=1 k=1 =1 k=1 i=1 k=1
n 1 n 2 n J—-1
S )] ()] < [ Sn(E )]
=1 k=1 =1 k=1 =1 k=1
RS 3 x (Y 0)] (A8)
j=1 i=1 k=1

With (A.4) and (A.8), we rewrite the likelihood P(Y; = y1,...,Y, = y,) as

P(}/l:yla7Yn:yn)

exp { 2ict ( ;11 tipag + -+ Zk gt 10"6) }
B H?—l D;
eXp{an ( 1{1111519(1 +ZkJ1zJ 1Blx )}
Hi 1 Di
_exXp { Zk 1 GO T+ Z [Z?:l Xi ( Zi:l tlk)} }
N H?zl D;

X
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This means the conjunction probability of {Y1 = Yi,..., Y, = yn} with the event

{C'1 =cp,...,CF = cJ}, i.e. the joint likelihood, can be expressed as

P(Yi :yl,...,Yn:yn,Cl :Cl,...,CJ:CJ)
exp { PRI i @T[Z?:l Xi(Zizl fzkﬂ}
H?:lDi

Let S(t) = {(yl,yg, cesUn) i:l S tin=c;Vi=1,..., J} denote the set of all

possible outcomes Y satisfying the constraint that the cumulative sum of observations

lower than or equal to each category j equals ¢;. Here, we keep the notation of ¢;; to
denote the indicator of 1{y; = k}.

Summing the joint likelihood over this set of permutation S(¢) gives the probability
of the event {Cl =c,...,C;= cJ}, ie.,

P(01261,...,CJ:CJ)
= Z PYi=y,....Ya=y,Ci=c,...,C;=c;)

y*eS(t)
J—1 J—1 n j *
exp { > k1 CRQu + Zj:l B]T[Zizl Xi( ?c:l zkﬂ }
H?:l D;

y*ES(t)

where each ¢ is the deterministic indicator analogously defined for y*.
With these results, it directly follows that the conditional likelihood on the sufficient
statistic {6’1 =cp,...,0F = CJ} is equal to

P(Yi:ylw"ayn:yn'Clzcla-"acJ:CJ)
P<}/1:y17"'7yn:yn701:Cla"'7CJ:CJ)
P(Clzcl,...,CJ:CJ>
GXP{Z;{;% cro + D07, 5?[2?:1 Xi(Zizl tzk)”

> exp { 22;11 CrOy + Z}Iz_ll 6JT [ i Xi( i=1 t:k)} }

y*€S(t)
e {SH[ELx ()]
3 exp { Zj;ll @]T[Z?ﬂ Xi( - t;’“ﬂ }

y*€S(t)
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A.2 Proof of Proposition 2.5.1

We first introduce some shorthand notations

T(B1, s Br1) ZBT[ 1xl(im,k)]
T*(B1, s Br-1 :Z [zn:)Q( t:kﬂ

where T* changes as y* € S(t) changes during the iteration.
With these we may re-express the likelihood and log-likelihood in the following fashion

LB | X,Y.C)=PYi=uy1,....Yn=y | C1=n,...,Cy =)
exp {T(B1, . Bs-1)}
Y exp {781, i) |

y*eS(t)
(B X,Y,0) =log(L(B| X,Y,C))

=T(b,...,0s-1) log< Z exp{T 51,--,5J—1)}>

y*eS(t)

Now, we differentiate T'(51, ..., B;_1) and T*(S4, ..., Bs—1) with respect to each entry ¢
(the slope corresponding to the c-th covariate) of each 3; (vector of slope coefficients for

the j-th category)

35(0 T(Br, s Br-1) szc<ztzk)
8( T*(B1, .. Br-1) Zﬁc(ZQk)

9L

With the above expressions, we may take the derivative of the log-likelihood function
with respect to each entry ¢ (the slope corresponding to the c-th covariate) of each f;

(vector of slope coefficients for the j-th category)

n J Z eXp(T*> Z?:l xiC(Zizl t::k)

0 *
55 0 1X.0) =3 (Do tin) = 20— s
y*es(t)

J

H
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But this, evaluated at 8; = 0 under the null hypothesis, can be expressed as

a n i ZS(t Zz 1xlc( ?f 1t2<k)
WZ(B]X,Y,C) - :wa(zm) =1 (A.9)

J =1 h= y*€S(t)
n j D sy Tie ZS:() =1 Tk
*eS(t
= «xic( ti,k) - Y (AlO)
2 >

=1
F y*eS(t)

—_

Now, letting n; = >, ¢;; denote the observed category frequencies that can be
directly calculated once we condition on ¢y, ..., c;, we may notice the following equiva-

lencies

S,

y*ES(t)

3 thkch (m " nJ) (A.12)

y*eS(t)

where equation (A.11) holds by its nature as a multinomial combinatorial problem. Equa-

tion (A.12) may not be easily seen, but can be shown by considering

2 thk— > 1{y <4} (A.13)

y*eS(t y*eS(t)

—1 n—1
- )+ ( )
ny — 1n2,...,nj,...nj ny,ne —1,nz,...,n;,...,ny
n—1
A.15
(77/ Ngy...,N _1 J) ( )

)”1+@+---+@>:( " )ﬁ (A.16)
ni,. n o n n ni,...,nzJ)n

where

1. 1{y; < j} is the indicator of whether the observation y; falls in a category of order

less than or equal to j;

2. equation (A.15) follows from the possible permutation of labels under the constraint

that y < j and that we have nq,...,n; observations in categories 1,...,J.
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With these conclusions, we see that equation (A.10) transforms to

St xvol,
5 i
:Zn:xzc<2]:tz,k) - E Z'T’LC
i=1 k=1 =1
J n n J
:‘ xzc(thk’)_%(szc)( Zt1k>
=1 k=1 =1 =1 k=1

=(Xc — x_cl)TZj

where where x.. is the data vector for the c-th covariate, 1 is the n-dimensional all-one vec-

. . . T T
tor,z; = [Shohe Shoitr o Shote] = [Hn <5} M <ib o Hum <}
and 7, = % dor | Tie
. T
Noticing g; = [ﬁ]( )L 53@)] , we have
— (-7 —
o) — (-m1)" —
2B x,v,C - -
a/@j (Bl )ﬁjZO : Z]
— (-5 —
Tz 0 0
N o = T
0 i) 0
= X1 Xo -0 X, — (1 1 - 1 ) Z;
ST

as desired.
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A.3 Proof of Proposition 2.5.3

Recall that we stacked the slope vectors together as a [p(J — 1)] x 1 vector

p=[ar 181 1 A

021()

And we focus on every entry of the Hessian of the log-likelihood, denoted by —5—,
0\ op "

where [(+) is the log-likelihood function, and this quantity lies at the <p( j—1+c, p(l—
1)+ d) -th and (by symmetry of Hessian) the (p(l —1)+d, p(j—1)+ c) -th entry of the

Hessian matrix.
These second derivative matrices, however, have simplified solution that depends on
the relative values of j and [. Before getting to the derivatives, we first introduce a new

notation ¢;; that helps us get rid of one layer of summation in the derivation:

J
Cij == Zti,k = 1{y: < j}
k=1

where ¢ stands for the i-th observation and j stands for the j-th order category. And it is
to be noted that we should discriminate c;; from the sufficient statistics of form ¢;, where
the former has two indexing quantities and the latter has one. Also, as we did in (A.2),
let n; = > " | t;; denote the observed category frequencies.

Now we similarly take the second derivatives based on our results of first derivatives:

2 2
0 J J [izw | X,Y,0)

om0 amag U O = g | g
, j =, () [ i el S i)
:W{ Z_:x(zt’f) - S oxp(T7) }

8ﬁl =1 k=1 )
> exp(T) | S el 1)
L 0 y*es)
o > exp(T¥)

y*€S(t)
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{ 2 o) SLauSi 0] {2 en@)| Shownad(Sisi 0]}

__yres® y*eS(t) .
[ > exp(T™)
y*eS(t)
{ & o) Ciwie(Sin )] | Shey mma(Cics 0] H 2 exo(m)}

y*eS(t) y*eS(t)

2

[ > exp(T™)

y*EeS(t)

Evaluating the second derivative at the null hypothesis that § = 0, we observe
92
{ © Yot S e S )]
y*eS(t)

(81X,Y,0) (A17)

5=0

__vesw . (A.18)
>l
y*esS(t)
S S (i )] | s wma( e )|
e (A.19)
> 1 |
y*E€S(t)

' n n *Z [Z?:l xiccfj} [22:1 l‘mdcfnl}
() (o) =

i=1 m=1 50
oo n Z;( : D i1 Pomet TicLmdCyjCrny
GG ‘ o y*eS(t
() ($) wan
y*ES(t)
cic n n [Z?:l ZZL:l xicajmd( ZS( )c;(jc;tnl>]
_ Y4 y*eS(t
=5 ( Z xic> ( Z xmd> - S (A.22)
y*eS(t)
n n [ > ﬂfic%nd( > C;‘kjcfnlﬂ [Z?:l xiﬂid( > C?j@l)]
_Ciq i#m y*eS(t) y*eS(t)
=27 () (X ma) - e - =

y*eS(t) y*eS(t)

(A.23)
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Now, the derivation reduces to evaluating > cjicy, (i #m) and > cjicj. And

17 ~ml
y*eS(t) y*eS(t)

it can be seen that these quantities can only be expressed in closed form if we discuss by

cases:
1. j=1
2. 5 <1
3. 7>1
Case 1: j =1
The evaluation of »_ cf;cy, reduces to the evaluation of the combinatorial problem of

y*eS(t)
picking two slots out of a total of n, under the constraint that both slots has to be among

the top j category of slots, where each category k of slots has a total ny of slots inside.

Yo = Y b= > Wyl <oy <) (A.24)

y*eS(t) y*eS(t) y*eS(t)
( n—2 ) ( n—2 ) ( n—2 )
— + 4+ -+
ny—2,n,...,nj,...1y Ni,Ny —2,n3,...,Nj,...,Ny Ni,Noy ..., Ny —2,...,My
(A.25)
i n—2 T n—2
ny—1,ng—1,n3,....n5...ny ni,no,...,nj—1—Lin;—1,...,ny
(A.26)
n ni(ny —1 na(ne — 1 n;(n; —1 nin N;_1M;
= 1<1 >_|_ 2(2 )_|_..._|_ ](] )_|_ 1772 +..._|_J—13
niy,...,ny) | n(n—1) n(n —1) nn—1)  n(n-1) n(n —1)
(A.27)
n 1 [
= ¢+ nn] A28
O iRy S e (129

(" )50 (r2

Here, equation (A.25) is enumerating all permutation of Y labels in which y; and y,,, have
the same category, and equation (A.26) is enumerating cases in which their categories
differ. To obtain the [-] quantity in equation (A.27), one simply divide every multinomial
coefficient from equation (A.25) and (A.26) by (m,n nJ)

The evaluation of ) c¢j;cj is equivalent to that of »  cficj; = > c¢j; since in the
y*eS(t) y*eS(t) y*eS(t)

first case we have j = [. So this reduces to

Y oga= Y =Y = Y thk_< M)% (A.30)

y*eS(t) y*eS(t) y*eS(t) y*eS(t)
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as we did previously in deriving the first derivatives.
Equation (A.29) and (A.30) allows us to rewrite the second derivatives in equation (A.23)

as follows

.....

(o, )
N1yeeey ny

S (B~ (T )+ 0 - S )

GG T T cilc;—=1) 7 T cj(c;—n), ¢
- n2 (XC 1)( d ]‘) - n(n . 1) (Xc 1)( d 1) + (n - 1) (Xc Xd)
cj(cj —n) Ty y_ S (¢; —n) <T1)(x?
n(n—1) (xc%a) n?(n 1)( - 1)(x;1)
(c; = =
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Case 2: j <
The case when j # [ is more complicated, and for simplicity of notation we will oftentimes

express the multinomial coefficients by their alternative form

( n ) n!
Niyenn, Mg nilng! -+ -ny!

The evaluation of ) cjjcy, can be regarded as a combinatorial problem again, where
y*ES(t)
we pick two slots out of n, with one of them has category less than j and the other less

than [, with 5 < [:

o= > Wy <ju, <} (A.31)

y*eS(t) y*eS(t)

et =2

k=1 (nk _ 2)[ H n s=1,....7; t=1,...1; s#t (ns _ 1)'(nt _ 1)[ H ny

p#k k+#s,t
: , z :
_ n D ket (i — 1) I et Dt Ml _ D et T (A.33)
Ny, ..., Ny n(n—1) n(n—1) n(n —1)
n CiCp — Cj
= A A.34
(nl,...,nj)n(n—l) (A.34)

Here, the first quantity in equation (A.32) is enumerating all permutation of Y labels in
which y; and v, have the same category, and the second is enumerating cases in which
their categories differ. To obtain the || quantity in equation (A.33), one simply divide

every multinomial coefficient from equation (A.32) by ( " )

n1,..ng
The evaluation of ) c¢jcj is equivalent to that of Y cjci; = > T{y; <j,yf <
y*es(t) yres(t) yres(t)

[} and thus only depend on j since we assumed j < [. So this reduces to the evaluation

of > ¢, which we've done previously:
y*€S(t)

ok * n ¢j
O = .. = — A.
Z CijCil Z Cij (nh o 7nJ) n ( 35)

y*eS(t) y*eS(t)
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With equation (A.34) and (A.35), we may rewrite equation (A.23) as

— @B X7Y,C)‘

B=0

e 0 [Z %cl’md( > ng mz)} [2?21 xz’cxid( *Et cijc Z‘z)]
:#(Zl')(zl'md)— s Zy i _ Zy 1S<>

y*eS(t) y*eS(t)

cjcr—

n )
¢jc n n (m ,,,,, ) n( <z§n xleWd) (nl " 7LJ) %] ( Z?:l flfigﬁ'id)

=1 < 3 xie) (ﬂ; xmd> - "y ()

() (o) =S (B -G

() (S ) { SO () [ (5
i=1 m=1 i#m i=1

= () (D ma) = gy (3 2 ) + S35 (S )

GG 1 T cila—1), r T cila—n) 7
_ng ( cl)( dl)_ n(n—l) ( cl)( dl) n(n—l) (chd>

cjla—n) T ) — cila—n), r <7

n(n _ 1) ( c d) nggni_ 1)( c 1)( d]')

_G ) 5 2)
n

Case 3: 7 > 1
The case when j > [ simply follows by symmetry of case 2, swapping the role of j and [
in the derivation.

Thus we may observe that

alan) if 5 <

82
_ — 4.1 COV o ) ci(c;—n) .
85(-0)8/61(d)l(ﬁ | X,Y,C) o aji Cov(Ze, Tq), Where ajy = ¢ L if =]
J Cl(cf,;n), lf] <1

Recall that we partitioned 3 into J — 1 segments, and consequently the Hessian were
partitioned into (J — 1)? blocks each of size p x p. And it is easy to observe that the
(4,1)-th block equals a;; cov(X), which means the entire Hessian equals (a;;) ® cov(X).
The detailed derivation is omitted here because it highly overlaps with the corresponding
part of A.6. In fact, this is a special case of Proposition 2.5.4, which can be seen by

setting the total number of strata to 1.
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A.4 Proof of Proposition 2.3.2

Let I(b) to denote the set of indices of observations belonging to the b-th stratum, b =
1,2, ..., s. Therefore, as an extension of the non-stratified likelihood, we have the following

expression for the likelihood of the data

PYi=vy.,....Y, HHHW] $)f

b=1iel(b) j=1

_H 11 <exp{zk1(akb+ﬁk Xi)}> o (eXp{ZZ;}]1(akb+5gxi)})ti,J_l< . )tu

D; D; D;
b=1ic(b) ib ib ib

L Iiere exp{ iy (tinaws + tia BTx:)} - exp{3 05 (b1 + tig—1 57 xi)}
B [To=i [Lerw) D
eXP{Zb 12261 (b) (Zk p tioy + +Zk J-1 szloékb>}
Hb 1 Hzel Diy
exp { P D ici() ( P tiaBx e+ Z}j;}_l ti,J—15kTXi>}
[L- Hzel(b Diy

X

where Dy, = 1+ 327 exp{ 37"} (am + BIx;)} is the common denominator term for all
factors, and this quantity is of no particular interest because it is to be cancelled out
eventually.

Now, consider the following equivalency

Z Z <Zt 10y + oo ; ti,J—Wékf;)

b=1iel(b) k=1 k

b=1 icI(b) k=J—1
s J—1 J—1

ZZ (Z@kb>< Z ti,l) +---+ ( Oékb) Z i g—1
b=1 k=1 i€I(b) k=J—-1 i€I(b)
s J—1 J—1

= Z nl,b( Oékb) + -+ nJ—l,b( Oékb)
b=1 k=1 k=J—1
s J—1

=D > cin
b=1 j=1

Here, we used nj;, = Zie 1) tij O denote the total observations with Y falling into

category j. Accordingly, we let ¢;, = Zizl Ziel(b) tir, j=1,2,...,J, Vb=1,2,....s, and
in future derivations let Cj, denote the random variable corresponding to the observed

quantity c;.
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Also, consider a similar equivalency

J-1
Z Z (th 1/8kxl -+ Z tl'J,lﬁ,?Xi)
—Jj—

b=1 icI(b) k=1 k 1
n J—1 J—1
= Z (Ztmﬂfxi +--+ Z ti,J—l/BkTXi>
=1 k=1 k=J-1
n 1 n 2 n J—1
AT ()] A3 ()] s 35 (S
=1 k=1 =1 k=1 =3 k=1
n 1 n 2 n J—1
= f[le(ztz,k>} +52T[ZX1<ZE,1¢>] + +ﬁ§_1|:le< tz,k>:|
=1 k=1 =1 k=1 =1 k=1
J—1 n J
SaEa(E )
j=1 =1 k=1

With these expressions, we have the likelihood being

PYy=wy1,....Y, =yn)
| XP { b1 2icnh) (st tiacms + -+ ay s J—1Oékb)}
- I[- 1 Iiery Div
exXp { Zb 1 Zze[ (b) ( le li 16k Xjt -+ Zk J—1 z,J—lﬁgXi)}
Hb 1Hzel Diy
exp { 2 b1 ZJ 1 CipQjp + Z [Zi:l Xi(zizl tl’f)} }
N Hb IHzGI Dy

X

This means the conjunction probability of {Y1 = Yi,..., Y, = yn} with the event
{Cjb =cpVi=1,...,J, Vb=1,..., s}, i.e. the joint likelihood, can be expressed as
P<Y1 :yl,...,Yn:yn,C’jb:cjb Vi=1,...,J, Vb= 1,...,3)

eXp { Zb 1 ZJ 1 CibQip + Z [Z?:l Xi( Zi:l ti,k)] }
B Hb 1 Hzel Dip

Now let S(t) = {(yl,yQ,...,yn) Zk 12261 tij=cpVj=1,...,J, Vb= 1,...,3}
denote the set of all possible outcomes Y satlsfylng the constraint that the strata-wise
cumulative sum of observations lower than or equal to each category j equals the corre-
sponding sum cjp.

Summing the joint likelihood function over this set of permutation S(t) gives the
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probability of the event {Cj, = ¢, Vj=1,...,J, Vb=1,... s}, ie.

P(Cp=cpVj=1,... V=15 = Y PVi=y, .. Yo=u)

y*eS(t)
s J—1 J—1 n ] *
exp { D b1 Zj:l CjpQp + Zj:l BJT [ Die Xi( et tzk)] }
HZ=1 Hie[(b) Diy

y*ES(1)
With these results, it directly follows that the conditional likelihood on the sufficient
statistic {Cj, = ¢ Vj=1,...,J, Vb=1,...,s} is equal to
P(Y1 =y Yo =y | Cp=cpVi=1,....J, Vb= 1,...,5)
P<Y1 =Y, Yo =Yn, Cip =cip Vi =1,...,J, Vb= 1,...,3)
N P(Cjp=cppVi=1,....,J, Vb=1,...,5)
exp { Zj:_f 53T [ Z?:l Xi(Zi:I tlk)} }
J—1 n j *
Y. exp { Zj:l 53T [ D ic1 Xi( et tzk)} }

y*€S(t)

which is of the same form as the non-stratified version in Proposition 2.3.1, with the only

difference being the indexing set S(t).
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A.5 Proof of Proposition 2.5.2

Previous results established that the conditional log-likelihood under stratified and un-
stratified designs are of the same form, up to a difference in indexing sets. Thus we must
have the result in (A.10) hold for the stratified situation, i.e.

(9 n j anxw Xs: Zkljk
(ﬁ | X,Y,C) = Z%‘c(Zti,k) — e (A.36)

5] =1 k=1 y*ES()
n j > b Zze[ asw( Z Zk 1 zk)
*eS
= Tic t; ) — A.37
>l X T 0
€St
where S(t) = { YL, Y2y -5 Yn) ° i::lziel(b)tivj =cpVj=1,...,J, Vb= 1,...,3} as
prev1ously defined.
Now the problem becomes the evaluation of the terms > and > k e

yreS(t) y*eS(t)
which can be expressed by the following equivalencies of expressions

=) ) ()
) niyt,---,MNJa Nipy - NJp Nisy---5MNJs

y*ES(t

Z Zt _Cyb( m >( 1 )< s ) (A.39)
i ni1,---,MNg1 Nipy -5 Mg Nisy---3Ms

y*eS(t) k=1

where equation (A.38) holds by its nature as a multinomial combinatorial problem. Here,
the terms ny, that appears in the multinomial coefficients are defined as usual, i.e., as
My = icr) tij» that is, the count for each category in each stratum that is observed
in the given data, and n;’s denote the size of stratum b, also observed in the data.
Equation (A.39) may not be easily seen, but can be shown by considering the following

for the ¢-th observation in the dataset, belonging to the b-th stratum

) thk— > Wy <j} (A.40)

yres(t) k=1 y*eS(t)

ny ny — 1 n
:< )( s (A41)

n1,17 s 7nJ,1 nl,b - 17 Napy .- 7nJ,b nl,sa s 7nJ,S

ny ny — 1 n
+ ( ) o ( > o ( 8 ) (A‘42)

nl,l) RN n17b7 Nop — ]-7 ey g an» s 7nJ,S
n ny — 1 N
niyt,---MNJa N6, M2by -+ -5 Thj b — ]-,---777/J7b Nisy---3MNgs

(A.43)
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ny ny — 1 ny — 1
(ST S niy — 1,nop,....,ngp N1py M2y -5 Mjp — Lo gy
Ux
>< o .. ><
nl’s,...,nJ’s
ny np N1y Njb ng
nl’l,...,nj,l an,...,nJ’b Ny Ny nLS,...,TLJ,S
Ny nm,...,nm nl’b,...,nJ,b TLLS,...,TT,J’S

where

1. 1{y; < j} is the indicator of where the observation y; falls in a category of order

less than or equal to j;

2. the equation containing the line (A.43) follows from the possible permutation of
labels under the constraint that y < j and that we have n;, ..., ns; observations

in each categories from 1 to J in stratum b.

With (A.38) and (A.39), we may express (A.37) as

P n J s Cib
2 g X,Y,C‘ =S (S t) - W A4
g 7130,y = Fae Yot .

b
Il
—

i€I(b)

(
— xw<i:tzk) — zs: %: Z Tic (A.45)
) b=1
(Y t) = et (A.46)
=1 k=1 b=1

= (XC — _C(b)lb)sz (A.47)

where 7,(0) = nib Zie 1(b) Lie is the local average in stratum b of the c-th covariate,

. . . T T
z; = [ Tty S _tar o S, tn,k} = []l{y1 <jt Wy <j} - Wy <j}| ,
T
and 1, = []1{1 elb)} 1{2€1)} --- 1I{ne [(b)}] is the indicator vector of strata
membership.

Thus, following the lines in Appendix Section A.2, we stack the j-th segment of the

score vector as

M HZO .. :C_p(l)
ol - | - | @ @ 7\
‘ ‘ ‘ ‘ ‘ 7 7 .. g;—p(S)



A.6 Proof of Proposition 2.5.4

As we did in the previous subsection, we may also adopt the results for non-stratified
second derivatives to the stratified case, which means we could use the results in (A.18)

and (A.19), up to an alternative way to index the observations from 1 to n

aﬁ(j—;ﬁw)l(ﬁ | X,Y,C) ‘60 (A.48)
{ > Zb 1Ziel(b) xiC(Zizl t;kk)}{ > Zb’ 1 D mel v') xmd(Zk 1t )}
— et vesty (A.49)
L*Ez;(t) 1]
2 S e wel S 0] | Zims Sonern malSica 7,0
_ vese (A.50)

S 1

y*ES(t)

It is obvious that by arguments in (A.39), we may express the term in (A.49) as

{ > 2 1Ziel(b) xiC(Zizl t;kk)}{ D Dyt Dmer v') xmd(Zk 1t )}

y*€S(t) y*eS(t)

2
>o1
y*EeS(t)

{ > D 1Zie1(b) xiC(Zi:l t:k)} { > - 1Zmel C3) xmd(Zk 1t )}

y*eS(t) ) y*€S(t)
> 1 > 1
y€8(1) 0
(A.52)
(G oy
AX I wef {3 Y (A.53)
b=1 """ icI(b) b=1 " mel(t')
{ Y e} Y (A.54)
b=1 b'=1
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Now let us focus on the quantity in (A.50). With some algebra we may simplify it to

a more manageable form

> | 2 Ezel 371‘(:(2?;:1 tfk)} [Zi/:l Zmel(b’) xmd(ka:l 9

y*€S(t)

A.55
y*€S(t)
s j * l *
> Zb 1 Zie](b) Zb’:l Zmel(b’) %‘cxmd(Zizl ti,k)(Zk:l tm,k)
_vest (A.56)
2. 1 '
yres(t)
Dbt D=1 Zie[(b) Emel(b/) Liclmd Z(t)( k=1 "li, k)(Zk 1 k)
y*es
_ A57
y*ES(t)
Hence we turn our focus to the evaluation of >~ (D77 _, ¢} k)(z je1 trge)> and it is always

y*ES(t)
to be noted that in this expression ¢ € I(b) and j € I(V') for some strata b, /. To fully

transform this into a combinatorial problem, we note that Y~ (>7_, ¢ k)(Zk L) =
yres(t)
> {Y < jH{Y < j}, and evaluate it individually for the following three cases
y*eS(t)

1.b#V
2.b=b,i=m
=b,i%m

Case 1: b# 1V

In this case, we first introduce the following quantity to simplify notation

‘ ny — 1 njp np .
F(b,j) = ( 1 ) =22 ( , Vb=1,...,8,5=1,...
N1bp, M2y -5 Mo — Lo, Mg Ny \NM1p, N2y ---,NJp
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With this, it is easy to observe, when b £ ¥, the following equivalency

SO 0O )= > Wy <jiify, <1} (A.58)

y*eS(t) k=1 y*eS(t)
j o1
=1 ¢=1 BAbY n1,B,M2,B,---,NJB
roJ l N
xS ren-re (") (A.60)
L p=1 g=1 Bbb ny,B, 2B, ---,1JB
- y l
- izw( e )_%,y( , )] H ( ng )
Lot g=1 "% \Wby 126, - -5 U b Ny \Nap, Moy - - My By \WB 2B, B
(A.61)
[PEANNLEG 5 n
=12 } ( 7 ) (A.62)
L =1 g=1 ny 1y Bl n1,B,M2.B,---,1JB
=22 ( " > (A.63)
Ny Ny =2 \N1,B,12,B5- -+, VB

Case 2: b=10U,i=m
In this case, we will find it useful to define r := min(j,1). Along with the shorthand

notation F'(b, j) defined previously, we may easily observe the following equivalency

SO O )= > Wy <jii{y, <i}= > Ly <r} (A64)

y*eS(t) k=1 y*€S(t) y*€S(t)
r ng

_S [y ( )} A.65
p=1 |: ( ) Br;é[b ny,B,"N2,B,---,NJB ( )
- .

_ F(b,p } < ) A.66
_; ( ) BH;zéb nl,B7n2,B7"'7nJ,B ( )

:Z@< iy )] 11 ( n ) (A.67)
L=t T \Tb, T2by - - -5 Thgb Bb b n.B,M2,B;---, 1B

_ %] 11 ( np ) (A.68)
Lo ™ 1 g2y \".B: 2B, - - -, TUIB

_Grb I1 ( "B ) (A.69)
My Bol ni1,B,N2,B,---,NJB
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Case 3a: b=V, i £m,j=1

In this case, we need to split our derivation into even more cases, depending on the
relative values of j and [. W.L.O.G., aside from the case that j = [ we will only consider
the case of j < [, which is case 3b, simply because the result for j > [ can simply be
obtained by swapping the role of j and [ in the case of 7 < [. Now, back to the case of
j =1, the following equivalency can be shown similarly to what we did in (A.29)

J l
DO tO ) = D> My <jyi{y;, <1} (A.70)
yres(t) k=1 k=1 y*€S(1)
-2 —9
=[< e > + ( " > (A.71)
nipy — 27 n2by--sMNjby---NJh n1b,N2p — 27 N3 by s Mgy Jh

ny — 2 ny — 2
ot +
N1 by M2y -y Mg — 250y Mh nip—Linopy —1ngp, ... ngp, ... ngp

(A.72)
ny — 2
o (A.73)
N1y M2ps -+ -y Mj—1p — L,njp — 1,00 mp
X A.74
Br;:é[b <nlBan237"'anJ,B> ( )
_ np nyp(nip—1)  nap(nap —1) nip(njp —1) = mipngp 75 —1,6M5b
N1y ngp) | mp(np —1) np(np — 1) np(np — 1)  np(np — 1) np(np — 1)
(A.75)
- 1
B
S Zwﬁzzwwﬁﬂ( ) (A.76)
nb — 1 =1 =1 B—1 niy,B,"N2B,---,NJB
S S
_ b+ CinCib H ( nB > _ gpleip — 1) H ( nB > (A.77)
np(ny —1) 2= \nip,n2p,...,n5p np(ny —1) 22 \nip,n2p,...,nsB

Here, the first three terms in equation (A.71) and (A.72) are enumerating all permuta-
tion of Y labels in which y; and ¥, have the same category, and the following terms are
enumerating cases in which their categories differ. To obtain the [-] quantity in equation
(A.75), one simply divide every multinomial coefficient from equation (A.71), (A.72), and
(A.73) by (
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Case 3b: b=V,i1#m,j <l

Here, as mentioned previously, we will investigate the case of 7 < [. The evaluation of

> Cij¢, can be regarded as a combinatorial problem again, analogous to (A.34)
y*ES(t)
D dicm= Y MY <YL <1 (A.78)
y*eS(t) yreS(t)
J s=1,...,7; t=1,...1
B (np — 2)! (np — 2)! ng
=y =20 T mpp Foo sy = Dlngy = D! T ;e 570 0 ’
p#k k#s,t
(A.79)
:< ny ) >t (s — 1) N Dol Do M Yy MR | II < np >
nlyb,...,nj,b nb(nb— 1) nb(nb — 1) nb(nb — 1) Bb ’I/LLB,...,TL(LB
(A.80)
_GbGb — Gb - ( o ) (A.81)
nb(nb—l) B=1 nLB,nQ,B,...,nJ,B

Here, the first quantity in the [-] term in equation (A.79) is enumerating all permutation
of Y labels in which Y; and Y,, have the same category, and the second is enumerating
cases in which their categories differ, subject to the condition that i, m € I(b). To obtain
the [] quantity in equation (A.80), one simply divide every multinomial coefficient from
equation (A.79) by (™ ).

N1by--5MJb

As we have computed the values of > (327, jk)(ZLﬂ k) With @ € I(b), m €
y*eS(t)
I(V') under cases where b # V', b = b',i = m, and b = V/,i # m, we may evaluate the

second derivative at § = 0, using the results we obtained. In order to take advantage of

these results, we will split the second derivative accordingly, as we will see in a moment.
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So, according to (A.54) and (A.57) we have

82
——(B| X,Y,C A.82
5755 | e (A8
_ { 3 Cjbm—caa} _ { 3 Clb,x—dw)} (A.83)
b=1 b'=1
D b1 b= 1216] Zmel(b’) Lielmd Zs(t)< k=1 zk)(Zk it )
y*re
- =1 (A.84)
yres(t)

_ { Z cj,,x—c“’)} . { Z Clb,x—dw’)} (A.85)

-----

2 bt Z Zze[ (b) Zmel v) Liclmd > i zk)(Zk 1 k)

y*eS(t)

— A.
y*ES(t)
mel(b)
szl Zz‘e[ Z TicTmd XS: )( k=1 zk)(Zk 1 b )
y*eS(t
— A.
y*GS(t)
Eb 1226] (b) Liclid 2()( k=1 zk)(Ek 1)
y*eS(t
A.
y*eS(t)

Now we can observe that lines (A.86), (A.87), (A.88) corresponds to the cases of {b # '},
{b="V,i# m}, and {b ="V,i = m}, respectively. Much like how we dealt with the non-

stratified case, we will hereby discuss by cases
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A.6.1 Final Expressions of the Stratified Second-order Deriva-

tives

In this subsection, we combine results from the previous subsection together, to derive

an analytical form of the second-order derivatives. First, let us consider the case when

j=1.
Case 1: j =1

32
(5] XY, C)
8ﬁ](‘6) aﬁl(d) -0

—{ chbl’c b)} : {chb’x_d( /)}
- b=1
> bt Z Zzel (b) Zmel v) Lielmd Es:()( k=1 zk)(Zk 1 k)
yres(t
_ =1
y*€S(t)
. mel(b)

Zb:lZz’eI(b) > TicTma D (X zk:)(Zk 1 k)

B m#i y*eS(t)
>l
y*GS(t)

> b- 1Zzel (b) LieTid > (i 1]4:)(Zk 1)

_ y*eS(t)
>o1
y*eS(t)

:{ i Cjb.ilf_c(b)} : { i Cjb’x_d(bl)}

77777

b=1 b#£b icl(b) mel(b')
mel(b)

Cin\Cjb 1
DI IR (WJ

b=1iel(b) m#i

- g E mzcxzd_

b=1 icI(b)

(A.89)

(A.90)

(A.01)

(A.92)

(A.93)

(A.94)

(A.95)

(A.96)

(A.97)

Note that (A.95), (A.96), (A.97) follows respectively from applying (A.63), (A.77), and

(A.69). Now with the following equations

cv _ cplep — 1) cplep —m)

o np(ne—1)  mp(ny — 1)
ciple —1) o cpleny —my)
np(np — 1) ng - ng(ny —1)
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we may continue the derivation as follows

62
FUB| X, Y.C)]
5 25" p=0
:{ chbf_c(b)} : {chxd( )}
_s v=1,..., C c B
-2 Z o 2 D Tietna
b=1 b'#£b i€I(b) meI(b')
c (C 1 mel(b')
b\Cjb0 —
- - N ‘T’Lc'rmd
e e% 2
[ S ]+ [L ) 5
=1 ic1(b) b=1 ic1(b)
7{ Zcﬂbxc(b)} ' { > awTd l)}
b=1 b'=1
s V=1,., C c
DDV DB B
b=1 b'#b L iel( b) mel(b)
DI - g
b=1 icl(b) no(np — mEI(b
- ¢i(Cip — M)
+ZZ nb(nb— 1) Lielid
b=1 icI(b)
RO RPN
b=1 b=1
s b=1,.,

Cbe/
i
2 2 2. D it

ny
b=1 b'#£b i€I(b) meI(b')

[; C?b Z Z xwxmd] B [; Cjb C;LI;:?II) Z( Z xzcxmdi|

vl

2
zel(b) mel(b €I(b)
S
C b(c b— nb)
J J
+ E 5 Lielid
— = my(ny — 1)
b=1 icI(b)
S S S S c c
—(b ]b ]b’
:{ E Cjbxc( )} : { E Clb/xd } E E E LicTmd
b=1 y=1 =1 b=1 " i€I(b) meI(b)
S
Cbcb_nb Cbe—TLb
ZJoNI0 "o —JoNI9 ")
- |: 5 E E Izcmmdi| + § E TicTid
nb ny — ny(ny — 1)
b=1 1€I(b) meI(b) b=1 icI(b)
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(A.98)

(A.99)

(A.100)

(A.101)

(A.102)

(A.103)

(A.104)

(A.105)

(A.106)

(A.107)

(A.108)

(A.109)

(A.110)

(A.111)

(A.112)

(A.113)



Note that (A.111) equals zero, and this can be seen after changing the order of summa-
tion signs. And (A.112) equals Y _;_, %’;_nb)&)\v(b) (2, 24), where cov” (z,, 24) is defined

as the sample covariance of the c-th and d-th covariates in stratum b:

c?)\v(b)(xc,xd) = nbl_ 1 [Z LicTid — i( Z Tic)( Z xz‘d)}

™ 1) il (b)

And that concludes the discussion of the case when 7 = [.

Case 2: j <

W.L.O.G. we consider the other case, i.e. j <[, in the same spirit as the previous case

82
— % B XY, 0)( (A.114)
0806 6=0
:{ Z cjbx—c<b>} . { 3 clb/rd(b’)} (A.115)
b=1
bv'=1,...,s
P Zie](b) Zmel(b’)xicxmd > (i zk)(Zk 1 k)
_ b yreS® (A.116)
> 1 '
y*eS(t)
5 mel(b)
P Zie] Z# Lielmd Zs )( k=1 zk)(Zk 1t )
m=#i y*e
A117
y*GS(t)
> 1216[ Liclid ES;( (> hen zk)(Zk 1t:k)
y*esS(t
— A1l
y*eS(t)
{ T }.{qu,x—d@’)} (A.119)
b=1 b=1
s b=1,.,

Y Y Y ctma 2 (A.120)

b=1 b#b icI(b) mel(b)
s mel(b)

1
- ¥ ;gwxmdcﬂ’ i 1) (A.121)
b=1icl(b) m#i o1 —1)

S

- Z Z xwxzd (A.122)

b=1 icI(d)
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Note that (A.120), (A.121), (A.122) follows respectively from applying (A.63), (A.81),
and (A.69). Now with the following equations

cv _ ciplaw —1)  cip(cw — 1)

ny  np(ng —1) np(ny — 1)
cip(ew — 1) _ CipCiy civ(Ciw — )
ny(ny — 1) n? ni(ny — 1)

we may continue the derivation as follows

92
— (B X.Y,0)
059 05" 50
:{ chbl“_c(b)} : { T )}
y=1
s b=1,.., C ¢
- Z paeer ) DI DR,
ictmd
b=1 b#b " i€I(b) meI(V)
c (C 1 mel(b)
jolCip —
- - N ‘TZmed
cip(ew — 1) "~ cip(em — mp)
[Z nb ny — 1 Z xiexid} + |: nb(nb 1) Z xwxld}
b= zEI(b) b=1 1€I(b)
e )
b=1 v=1
s bV=1,., C C
=D > By Y e
ictmd
b=1 b'#b ™ b ier(b) mel(v)
& cip(ew — 1)
>3 S S e
i€l (b) mGI
. C]b Clb - nb
DIPIL e
b=1 iecI(b)
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:{ Z Cjbl'_c(b)} . { Z Clb/$_d(bl)} (A123)
b=1

b=1
s b=1,.., SC c
SIS DI S a2
b=1 b'#b 1 i€I(b) meI (V)
“~ CipCrp cip(cw — np)
[Z n? > DL f"wl"md] - [ZW > D l'wffmd} (A.125)
iel(b) mel(b =1 b i€I(b) meI(b)
: Cjb Clb - nb
+y Y ;b e (A.126)
b=1 i€I(b)
{ Ym0} { > am®} - S 2 S it (A127)
b=1 b=1 =1 b1 ''? m ieI(b) mel(V)
® c]b(clb—nb ] Cjb Clb A
- iclm Ly 128
DIE- e PSRRI LD 3p DE e TN
b=1 i€I(b) mel(b) b=1icI(b
=3 ) 50, ) (A.129)
ny
b=1

Note that (A.127) equals zero, and this can be seen after changing the order of summation

signs.

A.6.2 Vectorization of the Second Derivatives, with Stratifica-
tion

y (A.113) and (A.129), we see that

2 Zzzl Cjb(c:zbbinb)@(b) (xcaxd)a lfj < l7
0

——=(B| X Y,C)| =y alammlam® g py it =1
R PR DY (e, xa), if j

S, ) Gy (g ), i > 1L

Nevertheless, if we define the coefficient

Cjb(Clb—nb)

— if 7 <

a;?l) — Cjb(ci‘:;*nb)7 if j =1
Clb(C'b—nb) 3 N

e, it j > 1.
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then it is easily seen that

P s 1xv.C ‘
2595 o

Then it follows that if we again stack ﬁ](-l

we have the second derivative matrices as

921

= Z afl)c/o\v(b)(xc, xq)
B b=1

6(") and ﬁ(l), ..., 8" respectively, then
1

821

85](_1)861(1)

aﬁjaﬁl o =0

8%

" _ig1x.v.0)| = [

(b)

2 -1 afl)c/o\v(b) (T1,21) D pmy aj cov'
Yoy al v @y, m) Yo, alleov® (2, )

o alew (@, ) S al) v (2, w0)

C/(Rf(b)(I‘l,ZL‘l) C/O\V(b)<l‘1,1'2)
5 (b) C/O\V(b)(xg,l’l) @(b)(IQ,Ig)
= a],l
b=1
v (xp, 21) v (z,, 2)
=Y "o (x)
b=1

_6181(.?)851(1)

021 . 021
021 U ol
08,7 08,” 06" 05," (A.130)
01 o 021
BIBJ(P)BIBZ(Z) aﬁ(l’)aﬁ(l’) =0
b (b)
)<x1ax2) D pe @ zCOV( )(931>5Ep)

. a(b c/o\v( )(ZL‘Q, T,)

s b) —~ (b
> b1 ag',z)COV( )(xm Tp)

(A.131)
cov'? (zy, zp)
cov'? (x, ) (A132)
cov” (2p, Tp)

(A.133)

where cov”) (X) is the sample covariance matrix estimated from the b-th strata.

Recall we stacked the slope vectors together as a [p(J —

B=|ot | 85 |

1)] x 1 vector

T

| B

And it is notable that (A.133) gives the (7, 1)-th block of the Hessian matrix of 5. With

this observation, we can express the Hessian matrix of the entire 5 vector as the following

48



square block matrix with (J — 1)? blocks

921 821 o 821
0B10B1 0B1082 08108y -1
52 92l 821 o 821
e _ ‘ _ | 93208 95205 952081
0p* =0 =0 : : . :
921 821 o 821
| 0871081 0851082 9B-19B5-1] g—g
s b) —~ (b (b s b — (b
Siallev?(x) S alew @0 S el e ()
b (b s b — (b
B Db aé %COV "(X) Db a2 2COV DXy Dbt aé,zJ—l)COV( '(X)
> bt a(? 1 1@(17) (X) >0 a(?—1 ,2&)\"@ (X) Zb 1@ J 1),(J—1 cov'” (X)
) (J-1) ):(J=1)
(b%cov(b) (X) agb%cov(b) (xX) - agbgj )cov(b) (X)
s b b b b b b
B Z ag %cov( )(X) aé%cov( )(X) e a;zj_l)cov( )(X)
=1 ' : ‘ :
b — (b b — (b b — (b
aEJ)_l)’lcov( )(X) aEJ)_l)’zcov( )(X) _ (IEJ)_IMJ_DCOV( )(X)

=) AV gav”(x)  eR

b b b
ag,i ag’% T ag,zj—l)
RO
where A®) = ’ ’ ' 2’({_1) is a symmetric matrix of constant
(b) (b) (b)
Ay-n1 Yu-n2 7 Yu-1),0-1)

multipliers specifically defined for each stratum, the ® operator denotes the Kronecker

product, and ¢ = p(J — 1) denotes the dimension of the parameter space.
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Appendix B

Technical Develogment of the Asymptotic
Distribution of T'

B.1 Decomposition of the Hessian

Lemma B.1.1. Let H denote —H(0) and let H = UDUT be an orthogonal eigen decom-
position of H € R4, where U is a ¢ X g orthogonal matrix and D is a rank-r positive
semi-definite diagonal matriz. Let H- = UD~UT denote the generalized inverse of H,

where

Then H~ can be decomposed into H= = (D~2UT)T(D~2U7) for some full row rank
D=0,

Proof. Let H = UDUT be an eigen decomposition of H such that the r nonzero entries of
D are at the top-left r diagonal entries of D. That is, HTH = diag(d3,, d3, ..., d%,., 0, ..., 0),

coy Woppy

where di1, ..., d,, > 0. Now consider the block representations of U and D

) ) D 0
U:[U U ] D= | ™ @
axr gx(q=r)]’ 0 0

(g=r)xr  (g—r)x(q—r)

Obviously, H = UDUT = UDUT. And by the same reasoning, H~ = UD'UT.
Therefore, consider D30 T and it can be seen from the definition that this is a full

row rank matrix satisfying
(D 20D~ 20"y =UD 2D 20" =UD'U" =H"
O

Next we prove a useful lemma for the derivation of the limiting distribution of 72. The
lemma allows us to express the dot product between D=2UTCz and any constant vector
as a sum over terms indexed by strata, and in particular, independent across strata, thus

admitting limiting behaviors as the strata size s — oo.

20



Lemma B.1.2. Let

T
$(0) = [51(0)7 | 5(0)7 | -+ | s,4(0)7]
T T r 1"
zZ= [Z1 | zy [ e ] ZJ—l]
be the stacked representations.
‘ ‘ ‘ ‘ ‘ ‘ 7 5O . x_p(l)
7® 5@ ... ];—p(?)
Let C = X1 X2 o Xp| — ]_1 ]_2 ]_5
BRI T (1 | T
cr o .. 0]
. . . 5 o T ... 0
FEquivalently, we write s(0) as s(0) = Cz, where C' =
0 o ... CT_
Let a € R” be any vector. Then
1. 3 constant vectors kW k@ kE® and 20,23 2 as functions of z,
s.t. aTD~20TCz = S (EOYTZ2®) and furthermore,
2. var(a”D~2UTCz) = a’a.
T
Proof. We now prove the first claim. Let a = |a; as --- a,| € R" be arbitrary.

Define @) = D:UTC , with row representation

7q%"7

7qgi

7%’{7

Now by reordering rows of z into

N
Il

2()

such that z(®, the b-th block of Z, represents entries in z that belongs to the b-th stratum.
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Reorder the columns of ) accordingly, we obtain

1 2 S

(@ (¢)" ()T
1 2 s

o |@ @) @)
1 2 s

(@™ (¢)T (gHT

And note that by matrix multiplication rules Qz = Qz.
We define kM k@ k® by kO =37 ai(ng))T and observe

TG = [T @y . )T

Therefore, it follows that a” D~207Cz = a"Qz = a7 Qz = S5, (k) T2®.

The second claim follows from the following calculations

= aTD"UTHUD

=a'D- UT(UDUT)UD_%(L
—a"D2DD za

= aTa

where the third inequality follows from a standard result in mathematical statistics. [
We cite the following lemma from Billingsley 1986 as an important tool for our proof.

Lemma B.1.3 (Lindeberg’s Theorem). Let Xy, Xo, ..., X be independent random vari-
ables with finite variances. Denote E[Xy] = p, var(X,) = of, and ¥2 =37 _ 07.
Suppose for e > 0,

Sli)rroloﬁ ZE[ Xy — pp)? - 1{|Xp — pip] > €35}

then s
> b1 Xo — o d

5 4 N(0,1)
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B.2 Regularity Conditions and the Main Proof

We hereby state our reqularity conditions.
Definition B.2.1 (Regularity Conditions). Define the following reqularity conditions:

1. (Asymptotic in-stratum Similarity) Ve > 0, 3S € N s.t. Vs > S, we have
Vb=1,..,s max ||X;]| <€
i€1(b)

T
where X; = [l‘ﬂ Tio ... xip] — [x_l(b) 720 . x_p(b) 15 the strata-mean cen-

tered data vector for the i-th subject.
2. (Rank Stability) 3S € N,3r € N s.t. Vs > S, rank(H(0)) = r.

3. (Hessian Stability) AM > 0 s.t. Vs € N, Yu € R" s.t. ||u|| = 1, we have
1.
" Ds 2 US| < M

1.
where the subscript s in Ds 2, UL is meant to refer to these quantities for each

particular s.
4. (Bounded Strata Sizes) 3N € N s.t. Vs € N, maxy—; snp < N

Remark B.2.1. The conditions 1 can be interpreted as follows under a matching setting:
as the total number of strata (sample) increase, we are matching over a larger pool of

subjects, which makes it easier to find groups of high similarity.

Remark B.2.2. The conditions 2 € 3, although do not appear practically meaningful,
are easily satisfied if H(0) — Hy for some Hy, which is in turn a statistically meaningful
yet stronger assumption.
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Proposition B.2.1. Suppose the regularity conditions in Definition B.2.1 hold. Then
fora e R",
al' Qz A a’ X, where X ~ N,(0,1,)

Proof. For any strata size s € N, we define the familiar notations that

7O HZO .. x—p(l) C’ST 0

‘ ‘ ‘ ‘ ‘ ‘ 7@ 7 ... gj—p(2) ~ 0 CST
Cs=|x1 X9 - Xp|— |11 1p -+ 14 : —_— : , Oy = .
S U ] IR R P

We may consider the following column representation of C7:

‘ ‘ xil_l’_l(b)
—
Tijo — T
T=l% - % |.%=|" "7 | whereie I(b)
B A

That is, the transpose of the strata-mean centered data matrix can be represented column-
wise where each column is the strata-mean centered data vector for an observation.
Now, consider the strata-based reordering of the columns of CN’S into C, and the cor-

responding reordering of rows of z into z:

%0 .. z0 0
ORI ()
Cs = [Cél) Céb) - Cés) . where Cs(b) _ 0 X X!
: : . 0
0 0 igb)...ig;)
and
71 ng) ]l{Yl(b) <
2) (b) ) Y(b) .
z Z
z=| |, wherez® = 2 . where Z§b) _ {Y; = Jt
’ b b .
7(s) zf]zl ]l{yn(b) <4

(0)

where we introduced the notation (-);”, i = 1,...,n, to denote a quantity that belongs to

o)

the i-th observation in stratum b, and ]I{Y;(b) < j} is the treatment indicator for the i-th

observation in stratum b.

the i-th observation of the b-th stratum. For example, x; "’ is the centered data vector for
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Then we make the following observations:

[ [0 ~(b b) |
g) %® 2"
> “(0) -], ®
CYSZ:C_YSZ: Cgb)z(b)’ where C«s(b)z(b) _ Xq Xny | 22
b=1
b ~(b b
%0 &) o),
whereas
[ [ ~( b)7 | [ T. ] e .
. %O B[] %0 x0) ary
~(b) =) (b) -0 2] cm
Bepay - | R BT R
_[chb) = Bl _[igw 5] oy |

and the last equality is because the columns of [igb) x iﬁf’b)] are mean-centered.

And due to conditioning on {Cj, = cjp},j=1,...,J —1,b=1,..,s,

T, (0 _
1£nsz o C]b

Then, let a € R" be arbitrary. To show
alQz LN a’ X, where X ~ N,(0,1,)

it suffices to check the Lindeberg’s condition.
Now, fix arbitrary ¢ > 0, and according to Hessian Stability in Definition B.2.1, fix
M > 0s.t. Yk € N, Vu € R" s.t. ||ul| =1, M satisfies

_1 .
[u" Dy 2 U || < M
a

Now, this implies for u = 4. € R", M satisfies

T
_1 .
[ Ds U] < M

Furthermore, by the Asymptotic in-stratum Similarity and the boundedness of strata
sizes in Definition B.2.1, we may fix S € N s.t. Vs > S, we have

Vb=1,..,s, mlz%zg %] < e (M(J—1)N)"" <e- (M(J—1)maxcy)
1€

Jsb
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~(b ~(b b) | ~ (b ~(b b N

SIRNS S %00 20| < (maxiere ||%il]) e

~(b) ~(b)| ) ~(b) ~(b)| ) E

X, o Xp | 2Z X, - Xp | 2Z < (max; X;l|)c
Then by Cs(b)z(b) _ 1 b | 42 and | 1 b | 42 | < €1(b) [l ea

~ (b ~ b ~(b ~(b

x| 20| Rk A < maxier IRl Dew

we conclude that Vb =1, ..., s,

J-1 J-1

1020 < 11 &%) 21l < - (max |5l ey < Ze — ¢/M

Therefore, Vs > S,Vb =1, ..., s,

[1CP20] > e/M] = 0
— P[M - [|CP2zO)|| > € =0
— P[||u” D 207|| - ||C®2®)|| > ¢ = 0, where u = ﬁ
a

= P[l[a"Ds 2 US| - [|CP2]| > [|al| - €] = 0
= P[||a"Ds UL CP2|| > Jlal| - = 0
= P[|(k") 2] > lal| - ] = 0

where the last implication holds if we admit the following decomposition from Lemma
B.1.2:

1T = Dy 0T = 3 ()T
b=1

And therefore,

Vs> 5, S OE[[(6) 202 1{| (k) 2] > |lal| - e}] = 0

— lim SB[ 202 1{| (k) 2| > lal| - €}] = 0

But Y,_, var((k®)7z®) = aTa = ||a|?, and E[(k®)Tz®)] = 0, and the Lindeberg

Theorem’s implies
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To finalize the proof of the x? distribution of T?, we introduce the following lemma
(Billingsley 1986).

Lemma B.2.1 (Cramér-Wold Device). For random vectors X, = (Xn1,..., Xnr) and
Y = (Y1,...,Yy), a necessary and sufficient condition for X, LY s that tr' X, 4Ty
for each t = (ty,...,t3) in RF.

This allows us to state the following conclusions as final pieces of the proof.

Corollary B.2.1. Suppose the reqularity conditions in Definition B.2.1 hold, then
Qz % N,(0,1,)

Proof. By B.2.1 and B.2.1 m

Corollary B.2.2. Suppose the reqularity conditions in Definition B.2.1 hold, then
T % X2

Proof.
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